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Introduction: It is well-known that the Horrocks-Mumford bundle JF encodes a 
lot of very interesting geometric information. This is essentially the reason for the 
fact that much work has been done in order to find other rank-2 bundles on P^. 
The only non-splitting vector bundles of rank 2 on P^, known upto now, are twists 
of pullbacks of T by finite coverings / : P^ — > P^. So it seems to be a natural 
question to consider, instead of P^, other Fano 4-folds. It is the aim of this note 
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(3 ■ to give an example of a rank-2 vector bundle on Pj^ x Pj^ and to show that it also 

jn , admits very interesting geometric properties. 
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Consider P = P^ x P^ and let p and q denote its projections onto Pj^ and 
Pj£, respectively. There is a canonical isomorphism Z x Z — > Pic(P), given by 
(a, b) \— > Op(a,b) : = p*0^(a) ® q*Op^(b). First note that it is easy to construct 
(3jT), nonsplitting vector bundles of rank 2 on P: According to the Kiinneth formula and 

Serre duality 

h\P,0 P (a,b)) = -(a+l)^ + 3 3 ^ >0 

for all a < —2 and b > 0. Hence for any such pair (a, b) there is a rank-2 vector 
bundle T on P fitting into an exact sequence 

— ► Op — ► T — ► P (-a, -b) — ► 0. 

Comparing Chern classes it is easy to see that T is not a direct sum of line bundles 
on P. From a geometric point of view these vector bundles are not so interesting, 
for example they have no jumping lines. 

One of the reasons for the geometric relevance of the Horrocks-Mumford bundle 
seems to be that it is related, via the Serre construction, to a nonregular surface 
in P^. This suggests that a nonregular subcanonical locally complete intersection 
surface in Pj^ x Pj^ might yield an interesting vector bundle. 

In [L] the abelian surfaces in Pj^ x P^ were classified. In fact there is a twodi- 
mensional family of abelian surfaces admitting an embedding into Pj^ x Pj^ and for 
every such surface X there are only finitely many embeddings X <^-> P^ x P^. Via 
the Serre construction every such embedding yields a vector bundle £ of rank 2 with 
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Chern classes c\(£) = 2h\ + Ah 3 and 02(E) = 8/11/13 + 6/i§, where /ij denotes the 
pullback of the class of a hyperplane section on P3. It is easy to see that the bundle 
£ dannot be derived from the Horrocks-Mumford bundle on P^ by an elementary 
transformation. The aim of this note is to derive some geometric properties of the 
bundle £ to P. 

Section 1 recalls some properties of the embedding X <^-> Pj^ x Pj^ from [L] and derives 
some additional facts needed subsequently. In Section 2 the group of symmetries of 
X in Pj^ x P^ is computed. In Section 3 it is shown that £ is a stable vector bundle 
with respect to (hi, h 3 ). Section 4 studies the restrictions £\{t} x P F as a family of 
vector bundles on Pj^. In Section 5 the degree of a rational pencil of quadrics, which 
can be associated to £ in a natural way, is determined. In Section 6 the generic 
splitting types and the set of jumping lines of £ are computed. Finally Section 7 
contains a list of open problems. 

I would like to thank Ch. Birkenhake and K. Hulek for some valuable discussions. 
In particular Proposition 5.4 is due to the latter one. 

1 Abelian surfaces in Pi x P 3 

It is shown in [L] that there is a two-parameter family of abelian surfaces admitting 
an embedding into P^ x P^. Moreover, it is proven that every abelian surface in 
P^ x Pj£ is a member of this family. Suppose if = (ipi,ip 3 ) : I ^ P := Pjf x Pf 
is such an embedding of an abelian surface X over the field of complex numbers. 
In this section we recall some of its properties from [L] and derive some additional 
facts, which are needed subsequently. 

Let hi denote the pullback of the hyperplane section class of P^ to P for i — 1 
and 3. 

(1) the class [X] of X in H 4 (P, Z) is 

[X] = Shih 3 + 6h 2 3 . 

(2) There is a commutative diagram 

^ E ^ X -U F ^ 

<Pi\ i¥i 
Pf 

where the row is an exact sequence of abelian varieties with elliptic curves E and F 
and Tfi is a double covering. 
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(3) Let Li denote the line bundle on X denning the morphism ipi : X — > P3. 
Then ifi is given by the complete linear system \Li\. 

(4) The line bundle L 3 is of type (1,4) on X and (p 3 : X — > Pj^ is a birational 
morphism onto a singular octic in P>£. 

(5) For every t G P^ consider the scheme theoretical intersection X t := XC\ {t} x 
Pjtf as a curve in P^, i.e. 

X t = <p s (<p?(t)). 

Let ti, . . . , t 4 denote the 4 ramification points of the double covering Tp{ : F — > P^. 

Lemma 1.1. (i) For every t 7^ ii,---,^4 £/ie curve X t is a disjoint union of 2 
smooth plane cubics E t and E' t in Pj^ both isomorphic to E. 

(ii) For v = 1, ... ,4 the curve X tv is a double curve in P^ ; not lying in a plane, 
with support a plane cubic E tv isomorphic to E. 

Proof, (i) This follows from (2) and (3), since if : X ! — > P embeds the curve X t 
into {t} x P F . 

(ii) The assertion about the support follows again from (2) and (3). That X tv is 
a double curve follows from (2) and the fact that t v is a ramification point of the 
double covering Tp~{. It is only to show that the linear system |L 3 ||X^is of dimension 
3. 

Since dim|L 3 | = 3, we have obviously dim(|L 3 | \X tv ) < 3. For the converse inequality 
consider X as a family of curves (X t ) teFr over P F . Since dim(|L 3 | \X t ) = 3 for a 
general t £ P^, the assertion follows by semicontinuity. □ 

(6) For every point x G F let P2 tX denote the plane in Pj^ spanned by the plane 
cubic (pz(q~ l (x)) (= E t or E' t if t = Tp 3 (x)). 

Lemma 1.2. P 2jX 7^ P 2:V for all x,y G F,x 7^ y. 

Proof. Suppose P 2/x = -P 2iJ/ . Let D G \L 3 \ denote the divisor corresponding to the 
plane P 2tX = -P 2iJ/ in Pj^. then 

D = q- 1 (x) + q- 1 {y)+D 
with elliptic curves g _1 (a;) and q^iy) and a curve D. It follows 

8 = D 2 = D ■ q-\x) + D ■ q~\y) + D ■ D = 6 + D ■ D 

and hence 

2 = D ■ D = q~\x)D + q~\y)D + D 2 . 

Since all summands on the right hand side are nonnegative, one of the summands 
must be 0. But then D is a disjoint union of translates of E and all summands are 
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0, a contradiction. □ 

(7) Let x' E F denote the conjugate of x E F with respect to the double covering 
Tp{. Then, denoting t = (p~i(x), 

Qt '■= P2,x + P2,x' 

is a quadric in P^, of rank 2 for all i ^ ti, . . . , and of rank 1 for t = t v . Consider 
the pencil {Qt\t E Pf} of these quadrics. 

Lemma 1.3. {Qt\t E Pf} is a rational pencil of quadrics of rank < 2 and degree 
d > 2 in P^ ; i.e. of the form {\ d Q + \ d ~ l Q 1 + . . . + fi d Q d \(X, fi) E Pf} with quadrics 
Qo,...,Qd in Pf- 

Proof. Suppose that {Qt\t E Pf} is a linear pencil and let Q and Q' denote 2 dif- 
ferent quadrics of rank 2 in it. We may choose the coordinates of P^ such that Q is 

/ a ai \ 
di a 2 

\ / 

since all quadrics Q t are of rank < 2. Then the linear system is given by the matrices 



given by the matrix diag(l, 1, 0, 0). Then Q' is given by a matrix 



i{\n) E P r 



/ \a + /i Aai \ 
Aai Xa2 + /i 


V o o oo/ 

Since det(^ +M A(i2 A ^ / 1 t ) = has only 2 solutions, the pencil admits only 2 quadrics of 
rank 1, a contradiction. □ 

For a quadric Q t of rank 2 in Pj^ let £ t denote the singular line of Q t . 

Lemma 1.4. The lines £ t ,t E P^ form a one-dimensional family of lines in P^. 

Proof. If this is not the case, then all quadrics of the pencil contain the same 
singular line £ and the pencil {Qt\t E P^} is given by a curve q of degree d > 2 
in the plane n parametrizing the quadrics in P^ with singular line £. On the other 
hand the quadrics in n containing a fixed plane in P^ form a line in ir. This line 
intersects q in d > 2 points, which contradicts Lemma 1.2. □ 

We will see later (see Proposition 5.3) that the pencil {Q t \t E P^} is of degree 4. 



2 Symmetries of X in Pi x P 3 . 

Let tp = (tpi, (fz) : X — > Pj^ x Pj^ be an embedding of an abelian surface X defined 
by line bundles Li and L 3 on X as in Section 1. In this section we want to determine 
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the group of all translations of X which extend to elements of PGLi(C) x PGL^(C). 

Recall that for any line bundle L on X the subgroup of all x G X with t* x L ~ L is 
denoted by K(L). Here t x : X — > X denotes the translation of the abelian variety X 
by x. If L is base point free with corresponding morphism (p^ : X — > P > , then K(L) 
is the largest subgroup of translations of X which are induced by automorphisms of 
P>. If V is a second base point free line bundle on X with corresponding morphism 
(p L > : X — > P K , let K(L,L') denote the subgroup of all translations of X which are 
induced by elements of PGL m (C) x PGL K (C). Clearly such an element induces a 
translation t x on X if and only if x G if (£) H K(L'). 

Let X 2 denotes the subgroup of 2-division points of X. Then we have 
Proposition 2.1. K(Li, L 3 ) = K(L 3 ) n X 2 . 

Proof. By construction of </?i : X — > P^ there is a line bundle £\ on the elliptic 
curve F such that L\ = q*£i with g : X — > F as in (2). We have if(-^i) = -F2, since 
£1 is of degree 2 on F. Hence K(Li) = q*K(£i) contains X 2 , and thus 

K (L 3 ) nI 2 C tf(L 3 ) n if (Lx) = if (Li, L 3 ). 

L 3 being of type (1, 4) implies if (L 3 ) ~ Z/^ZxZ/^Z. Hence it suffices to show that 
no element of order 4 in if (L 3 ) is contained in K(Li). Suppose x G if (Li) fl K(L 3 ) 
is of order 4. Then t*(L x ® L 3 ) ~ i*Li ® t*L 3 ~ L x <g> L 3 , i.e. x e K{L X <g> L 3 ). But 

(L 1 ®L 3 ) 2 = 2(L 1 -L 3 ) + (L2) =20 

since (Li • L 3 ) = 6 (see [L], Lemma 1.1). Hence L\ <g> L 3 is of type (1,10) and 
K(Li <g> L 3 ) ~ Z/J^FZ ® Z/J^FZ. Hence if (L x <g> L 3 ) does not contain an element of 
order 4. □ 

Since L 3 is of type (1,4), Proposition 2.1 implies 

K(L 1: L 3 ) ~ Z/i^Z x Z/i^Z 

and one may choose coodinates of Pj^ and P^ in such a way (see [CAV], p. 169) that 
generators a and r of K(Li, L 3 ) are given by 
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The Heisenberg group of the pair (Li, L 3 ) is by definition the subgroup H(Li, L 3 ) of 
GL 2 (C) x GL^(C) generated by a and r. The Heisenberg group H(Li,L 3 ) acts in 
the usual way on the pair of line bundles (L ± , L 3 ). 

Proposition 2.2. The Heisenberg group H(Li, L 3 ) is the dihedral group D$ with 8 
elements. It fits into an exact sequence 

-> /i 2 -> H(Li, L 3 ) -> L 3 ) -> 

where ^2 denotes the group of order 2 generated by the commutator oto~ x t~ x . 

Proof: H\(Li, L 2 ) is generated bt r and the element k := ur of order 4 with relation 
r/tr = □ 



3 The vector bundle S on Pi x P 3 

Let ip = ((/?!, (/9 3 ) : X — > P = P^ x Pj^ be an embedding as in Section 1. Denote 
£ = £>p(2,4). Then C = Up 1 and there is an isomorphism 

£ : £ <g> cjp (g) O x -> w x = C x - 

According to the Serre-construction (which applies in this case, see [H], Remark 
1.1.1) the pair (X,£) determines uniquely a triplet (£,s,ip) with a rank-2 vector 
bundle £ on P, a section s e H°(P,E) such that (s) = X and an isomorphism 

The Koszul complex of the section s is 

2 

/\e* ^e* A/x^o 

where Ix denotes the ideal sheaf of X in P. Tensoring with /\ 2 £ = £ = 0p(2, 4) 
and using £ = £*(/\ 2 £) we obtain the exact sequence 

0^O P ^£^Ix(2A)^0. (1) 

Then we have, using Section 1 (1) 

Cl (£) = 2h + 4h 3 (2) 

and 

02(E) = 8/11/13 + 6^. (3) 

Consider the ample line bundle 7i — Op(l, 1) on P. A vector bundle JF of rank 
2 on P is called (semi-) stable with respect to TC if for every invertible subsheaf C of 
T 

C-H 3 (=) idet^-H 3 . 
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Proposition 3.1. £ is stable with respect to H. 

For the proof we need the following Lemma 

Lemma 3.2. (i) Suppose h°(I x (a,b)) ^ for some integers a and b. Then a > 
and b > 2. 

(ii) h°(I x (0, b))^0if and only ifb>8. 

(iii) h°(I x (a,2)) = for a < 2. 

Proof, (i) Since h (O P (a,b)) = if a < 0, it suffices to show that b > 2. For a 
general i G Pj^ the intersection X t = X fl {t} x P^ is a disjoint untion of 2 plane 
cubics in P>f (see Section 1 (5)). In particular h°(¥^ : = ^- So the exact 

sequence 

- Jx(a, 1) - /x t (l) - 1) - 

implies h°(Ix{a, 1)) = for all a. 

(ii ): h°(lx{0,b)) ^ means that X C x V where VJ, is a surface of degree b 
in P>£. Now that the composed map 933 : X <^-> P^ x P^ — > P^ is birational onto a 
(singular) octic in Pj^ (see Section 1(4)). This implies the assertion, 
(iii): It suffices to show h°(I x (2,2)) = 0. But h°(I x (2,2)) ^ would mean (using 
the results of Section 4) that the pencil {Qt\t G Pf} of Section 1 (7) is quadratic, 
contradicting Proposition 5.3 below. □ 

Proof of Proposition 3.1. Suppose £ is not stable with respect to H and let 
Op(a, b) be a subinvertible sheaf of £ violating the stability of S, i.e. 

a + 3b = P (a, b) ■ H 3 > ^ det £ ■ H 3 = 7. 
Then the composed map 

P (a,b)^£^I x (2,4) 

is nonzero, implying 

h°(I x (2-a,A-b))^0. 

Lemma 3.2 implies that either a < 1 and b < 2 and a < —1 if b = 2 or a = 2 and 
b < —4. But in the first case 7 < a + 3b < 5 and in the second case 7 < a + 3b < —10, 
a contradiction. □ 

Remark 3.3. The line bundle Op(m,n) is ample if and only if m > and n > 
0. Defining the (semi-) stability of a rank-2 vector bundle on P with respect to 
Op(m,n) in the same way as for H. Then an analogous proof yields that £ is 
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stable (respectively semistable) with respect to Op(m,n) if and only if n < 18m 
(respectively n < 18m). 

In order to lift the action of the Heisenberg group H(Li, L 3 ) of the pair (L ± , L 3 ) to 
the vector bundle £, we need the cohomology of £(—2, —4). 

Lemma 3.4 

h\£{-2,-A)) = 




Proof: Serre duality says /i 4 l {£{— 2, — 4)) = h l (£(—2, —4)). Hence it suffices to 
compute h % {£{—2, —4)) for i < 2. The exact sequence (1) yields 

h i (£(-2,-4)) = h i (I x ) 

for i = 0, 1,2. Now the exact sequence — > I x — *• — *• — ► implies the 
assertion. □ 

Proposition 3.5: The vector bundle £ admits an action of the Heisenberg group 
H(Li,L 3 ) uniquely determined upto a constant by the embedding X <^-> P. 

Proof: An element /i G H(Li,L 3 ) may be considered as an automorphism of P. 
Moreover \x defines an isomorphism (p^ : I x (2, A)^fi*I x (2, 4). Consider the diagram 

0^ P ^ £ -> /x(2,4) ^0 

II I W 

0_> Op _> _> n*I x (2,l) ^0 

It induces an exact sequence 

-> Hom(^,^) -> Hom(£,//7 x (2,4)) -> Ext^Op) 

But Ext 1 ^,^) = if 1 ^*) = i/ 1 (^(-2,-4)) = according to Lemma 3.4. This 
implies the assertion, the uniqueness coming from the fact that the embedding 
X P determines the section s upto a constant. □ 



4 Restriction to {t} x P 3 . 

For any point t G Pf consider the restriction 

S t :=£\{t} x P F 

as a rank-2 vector bundle on P^. X t is a local complete intersection curve in P^ 
and the triplet (£ t , s\{t} x P^, ^({^j x P^) corresponds to the pair (X t , £|{t} x P^) 
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via the Serre-construction. Hence we get the following exact sequence directly by 
restricting (1) of Section 2. 

0^O Pm A£ t ^/ Xt (4)^0. (1) 

This implies 

ci(£) =4 
cate) = 6 



Proposition 4.1 For any t G P^ vector bundle £ t is semistable but not stable. 



Proof. The quadric Q t of Lemma 1.3 contains the curve X t and is in fact the 
only quadric in Pj^ containing X t . Hence h°(Ix t (2)) = 1 and the exact sequence 
-> Op^(-2) -> # t (-2) -> 7 Xt (2) -> implies h°(E t (-2)) = 1. This means that 
i?t is not stable. On the other hand h°(E t (—3)) = means that E t is semistable. □ 

Let a t G H°(E t (—2)) denote the non-zero section, uniquely determined upto a 
constant, and Y t = (a t ) the corresponding zero variety in P^. Then we have the 
exact sequence 

- S t {-2) - I Yt - 0. (2) 



Lemma 4.2. Y t is a curve of degree 2 in P^ wnt/i p a (Y) = —3 and ajy t = Oy t (— 4). 



Proof. According to [H], Proposition 2.1 we have degF = c 2 (F(— 2)) = 2 and 
2p a (F) - 2 = c 2 (£(-2)) • (ci(£(-2)) -4) = -8, i.e. p a (Y) = -3. The assertion for 
LOy t follows from the adjunction formula. □ 

Let Z t denote the reduced curve underlying Y t . 



Lemma 4.3 (i): Z t is a line in P^ and Y t is a multiplicity 2 structure on Z t . 
(ii): Choose the coordinates Xi, i = 0, . . . , 3 o/P^ in such a way that Z t is the line 
x = X\ = 0. then Y t is given by the homogeneous ideal 

(xl,xox 1: xjj ■ x + g ■ 

where f and g are forms of degree 3 in x 2 and x 3 without common zero. 



Proof, (i): Since degY t = 2, it suffices to show that Y t is irreducible. But otherwise 
Y t would be reduced and hence p a (Y) > —1. 
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(ii): According to Ferrand's theorem (see [H], Theorem 1.5 with m = 4) there is an 
exact sequence 

0^I Yt ^I Zt ^O Zt (2)^0. 

Consider the conormal bundle sequence — >■ Ny t \ ¥ J\zt —> ^z t \v^ ~^ ^*z t \Y t ~* ®- 
According to (i) , Pj ^ = 0^ (l)® 2 . Hence we get an exact sequence 

- I Yt |P F - O p , 4 Q Wr {¥) - Y-. 

The map u is given by 2 forms / and g of degree 3 on Pj^ without common zeros. 
This implies that IyJPf is generated by fx + gx±. □ 

Suppose t 7^ t v for v — 1, . . . ,4. Then X t consists of 2 disjoint plane cubics E t 
and E' t . Denote by P t and P' t the planes spanned by E t and P^. Then we have 

Proposition 4.4. The line Z t is the line of intersection P t DP/ and the cubic forms 
f and g are given by E t fl Z t and E' t fl Z t . 

Proof. Restricting the exact sequence (1) to the plane P t we obtain an exact 
sequence 

- Pt (3) - S t \P t - /^ n p t (l) - 0. (3) 

since P t contains the plane cubic E t . Computing the generic splitting type of S t \Pt 
using (2), we see that P t contains the line Z t (but not the double curve Y t ). Similarly 
P' t contains Z t , i.e. P t fl P[ = Z t . Restricting (2) to P t and comparing it with (3) 
gives the assertion for the forms / and g. □ 



5 The Double Structure and the Pencil of Quadrics 

The quadrics of the rational pencil {Q t \t G Pf} of Section 1 fill up a 3-fold Q G 
P^ x P^ containing X. According to Lemma 1.3 {Qt\t G P^} is a rational pencil 
of degree d > 2 in P^. Hence Q is a hypersurface of bidegree (d, 2) in P^ x P^. 
Obviously Q is the only hypersurface of bidegree (d, 2) in P^ x Pj^ containing X. 
This means 

h°(I x (d,2)) = l. 

From the exact sequence — > Op ¥ xp^ (d — 2, —2) — > £(d — 2, —2) — > Ix{d, 2) — > we 
deduce 

h°(£(d-2,-2)) = 1. 
Hence there is an exact sequence, unique upto a multiplicative constant 

-> A £(d - 2, -2) -> J y (2d - 2, 0) -> (1) 
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with a surface Y C P F x P^ of class 

[Y] = ttx x h 3 + 2h\. 

For every point t G the exact sequence (1) restricts to the exact sequence (2) of 
Section 4. Hence for every t e P^ the surface 7 C P f x Pji restricts to the curve 
Y t C {£} x P F . According to Lemma 4.3 Y t is a double structure on a line Z t in 
{£} x P F for all t. This implies 

Proposition 5.1. T/ie surface Y C P^ x P^ zs a double structure on a F^-bundle 
Z C P F x P^ over P^. T/ze bundle map Z — > P^ coincides with the projection onto 
the first factor ofF^ x P^. TTie dass o/ Z in # 4 (Pf x P f , Z) [Z] = 2/ii/i 3 + 

In other words Z is a certain Hirzebruch surface E embedded into P^ x P^ with 
class 2h±h 3 + h\ such that the bundle map E — > P^ coincides with the projection 
onto the first factor. The following lemma classifies these embeddings. 

Let E e denote the Hirzebruch surface with invariant e > 0. There is a section Co 
of p : E e — > P^ such that 

Pic(E e ) ~ Z[C F ] + Z[U] 
where / denotes a fibre of p, with intersection numbers 

Cl = -e , C -/ = l , / 2 = 0. 

Suppose i = (</?i, (^3) : E e <^-> P^ x P^ is an embedding such that 

(i) [E e ] = 2h ± h 3 + h 2 3 in H A {F ¥ x P F , Z) 

(22) </?i : E e — > P^ is given by the linear system |0|. 

Then we have 

Lemma 5.2. Either e = and ip 3 is given by the linear system \Co + f\ or e = 2 and 

ip 3 is given by the linear system |C + 2/|. Conversely, in these cases i = (ipi,ip 3 ) is 
an embedding. 

Proof. As usual we identify classes in H l (E e , Z) with their images in H l (F^xF\^, Z). 
Condition (ii) means [E e ] ■ hi = f which implies 

f-h 1 = and f-h 3 = l. (2) 

Let <f 3 : E e — > P^ be given by a sublinear system of \aC + f3f\. Necessarily a > 
and > 0. 

2/^ + fcjj = [ Ea ] . ^ = ftC < o + ^ (3) 
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Using (2) this implies 

aCo ■ hi 



and 

This implies 
Hence 



aC -h 3 = 2- (3. 
Co ■ hi = 1 and a = 1. 
(3 < 2. 



On the other hand 

2 = [E e ] • h\ = (/i 3 |S e ) 2 = (C + (3f) 2 = -e + 2(3 

i.e. 

= ! + i. 

We remain with the 2 cases e = 0, /3 = 1 and e = 2, f3 — 2. 

Conversely assume that the surface and the linear systems are of one of the 2 cases. 
In the first case y?3 embeds S = P^ x P^ as a smooth quadric in P^. In the second 
case ips embeds S 2 — Co and contracts Co to a quadric cone in F^. But then ipi is 
injective on Co and the differential of (ipi,ip 3 ) has maximal rank. So in both cases 
i = (</?!, (/9 3 ) is an embedding. □ 

The surface Y is a double structure on Z with Z as in Lemma 6.2. Let £ denote 
the ideal of Z in 0y. So we have the exact sequence 

-> £ -> Cy -> C z -> (4) 

Note that £ is a line bundle on X, since £/£ 2 = 0. Using the Riemann-Roch 
Theorem for the vector bundle £(a, b), saying 

34 41 2 1 

X (£(a, b)) = -6 + 12a + — 6 + 66 2 + — ab + -6 3 + 4a6 2 + -ao 3 (5) 

3 3 3 3 

for all a, b G Z one can determine C and o?: 

Proposition 5.3. Suppose Y C x is a double structure on Z (~ E e , e = 

or 2^ defined by the line bundle C on Z . Then 

O z (2C -2f) e = 

(a) C = < if 
O z (2Co) e = 2 

(b) The pencil of quadrics {Qt\t G P^} in P^ zs o/ degree 4. 
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Proof. Let C = Oz{xCq + yf) for some x, y G Z. For a, (5 G Z we have 

f z (/3Co + (« + /?)/) e = 
O z ®0 P¥XF ^a,[3) = I if 

[ O z ((3C + (a + 2(3)f) e = 2 

and from (1) and (4) we get the exact sequences 

0^O Pi , x¥ ^(a-d + 2,b + 2) ->£(a,6) -> /y(a + d, 6 + 2) -> (6) 

-> Jy (a + d, b + 2) -> % xP „ (a + d, 6 + 2) -> C y (a + d, b + 2) -> (7) 

and 

0— O z ((a;+6+2)Co+(j/+o+b+<i+2)/)^Oy(a+(i,6+2)^O z ((6+2)Co+(a+6+d+2)/)- > (8) 

if e = and 

O^O z ((x+6+2)Co + (y+a+2b+c(+4)/)^Cly(a+d,fe+2)^C» z ((6+2)Co+(a+26+d+4)/)^0 (9) 

if e = 2. Using Riemann-Roch for line bundles on P^ x Pj^ and Z, equations (6) - 
(9) yield 

x(S(a,b))= X {O r¥ xPlt£ (a~d+2,b+2))+ X (O rvf xr ^ {a+d,b+2))- X {0 Y {a+d,b+2)) 

=(a-d+3) ( b +/') + ( a +d+l)( b + 5 ) - 

-x(Oz((x+b+2)Co+(y+a+b+d+2)f))~x(O z ((b+2)C + (a+b+d+2)f)) if e=0 
- X {O z ((x+b+2)Co+(y+a+2b+d+4)f))-x{Oz((b+2)Co+(a+^+d+4)f)) if e=2 

— (2a+4)( 6+5 ) + { "( :E + 6 + 3 )('i / + a + 6 +' i + 3 )"( 6 + 3 )( a + 6 + d + 3 ) ^ e=0 

[ -(z+&+3)(y-x+a+6+<2+3)-(&+3)(a+6+<2+3) if e=2. 

Comparing this with (5) we obtain 

(x - 2)a + (x + y + 2d - 8)6 + (y + d + 3){x + 3) + 3d - 37 = if e = 

and 

(x - 2)a + (y + 2d - 8)b + (y - x + d + 3)(x + 3) + 3d - 37 = if e = 2 
as polynomials in a and b. 

Hence if e = : x = 2, y = 6 - 2d and 2d - 8 = and if e = 2 : x = 2, y = 8 - 2d 
and 2d - 8 = 0. □ 

K. Hulek gave a different proof of Proposition 5.3 using the normal bundle se- 
quence of Z C Y C P. The following proposition saying that the case Z = S 2 does 
not occur in our situation is also due to him. 
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Proposition 5.4. (Hulek): Suppose Z(= E e ) embedded in P — P^ x Pj^ as above 
admits a double structure Y in P, then e = 0. 

Proof: Suppose Z = X 2 C P admits a double structure F C P. According to 
Lemma 5.2 the morphism tps\Z : Z — > P^ is the contraction of the curve Co with 
image a quadric in P^. Hence C considered as a curve in P is the preimage of a 
point in Pj^ under the natural projection P = P^ x P^ — > P F . This yields 

Nc \p = Of o . 

Since A^c |z = C() (-2), the exact sequence — > iV Co | Z — > A^ Co | P — > iV Z |p C n 
implies that there are 2 possibilities for N z \p Co, namely 



ZIP 



o Co eCc (2) 

C = <( or (10) 



On the other hand the line bundle C^ 1 on Z of Proposition 5.3 may be considered as 
the normal bundle of Z in Y . The exact sequence of normal bundles for Z C F C P 
shows that £ _1 is a subbundle of iVz|p. 
But 

£- 1 \C = O z (-2C )\C = Co (4:) 



which cannot be a subbundle of N z \p 



C according to (10). □ 



So for the rest of the paper we may assume that Y is a double structure on 
Z = P^ x Pj^, embedded in P as in Lemma 5.2. For the computation of the 
cohomology of £ it will be important to know for which pairs (a, b) the scheme Y is 
(a, b) -normal in P. 

Recall that a closed subscheme V C P F x P^ is called (a, b)-normal for some non- 
negative integers a and b if the canonical map H (O^ x ^(a,b)) — > H°(Ov(a, b)) is 
surjective. Note first 

Lemma 5.5 Lei i = (y?i, ifis) : Z — > P^ x Pj^ 6e t/ie embedding of Lemma 5.2. T/ien 
Z zs (a, b) -normal in Pj^ x P^ /or a// (a, 6) > 0. 

Proof. Consider the commutative diagram 

H (O ¥rx¥i ,(a,b)) H°(O z (a,b)) 
(<Pi x y? 3 )* \ /A* 

H °(Z x Z, (a) ® <^0 Pj , (&)) 
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where A : Z — > Z x Z denotes the diagonal map. It suffices to show that for all 
a, 6 > : 

(i) (</?i x (p 3 )* is surjective 

(ii) A* is surjective. 

(i) : By Kiinneth (ipi x </? 3 )* identifies with 

<fl ® v^s = ^°(^(«)) ® H\0^{b)) - H°(O z (af) <g> H°(O z (bC + 6/). 

But is an isomorphism and <^g is surjective since </?3 is the Veronese embedding 
(^3 : Z = P r x P F ^ P^, which is projectively normal. 

(ii) : Let PjJ denote the i-th component of Z = P^ x P F . According to Kiinneth the 
following diagram commutes 

H°(O z (af)) ® tf o (0 z (&C o + 6/) ^ ^°(Oz(feC + (a + 6)/)) 

iJ (^(a))®/J (O P j,(6)®iJ (^(6)) — iJ (^(a + 6))®if (^(6)) 

But this is surjective, since the multiplication map H°(Op^(a)) (g> ff°((9p F (5)) — >■ 
H (O^ (a + &)) is surjective for all a, b > 0. □ 



Proposition 5.6. In the case e = the embedding Y — > P^ x Pj^ is (a, b) -normal 
for all a > 0, 6 > 3 or (a, 6) = (0, 1). 



Proof. Using (4) we have the following commutative diagram with exact rows 

0^ Iz\p ¥ xP m {a,b) -> C PiFX p F (a,6) -> O z (a,b) ^0 

I I II 

0^ £(a,6) -> Cy(a,6) -> O z (a,b) -> 0. 

Since Z is (a, 6)-normal in P^ x Pj+£, this yields 

xP^ (o, 6)) - H°(O z (a,b)) ^0 

i V I II 

0^ H°(C(a,b)) -> H (O Y (a,b)) -> H°(O z (a,b)) -> 0. 

Hence it suffices to show that </? is surjective. But 

£(o, 6) = O z ((6 + 2)C + (a + 6 - 2)/). 
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So ip is surjective if and only if the canonical map 



#° W|*x* (bC + (a + b)f)) - H°(O z ((b + 2)C +(a + b- 2)f) 



is surjective, where N^ p ^ xP ^ denotes the conormal bundle of Z in P^ x P^. Now 
detiV||p FXPj+; = Oz{— 2Co — 4/) and the normal bundle sequence for Z C F C P 
gives 



0^O z ((6-4)C* +(a+6-2)/)^JV* 



(6Co + (a+b)/))^O z ((6+2)Co + (a+b-2)/)^0. 



But 



(O z (b-A)C + (a + b-2)f) 



= h 1 (O^(b-4))-h (O ¥r (a + b-2)) 
+ /i°(^(6-4))-/ i 1 (^(a + &-2)) 
= if b>3 or (a, 6) = (0,1). 



□ 



Remark 5.7 The proof of Proposition 5.6 yields 
for b = 2, a > : codim(# (CV^ x% (a, 2)) -> H (O Y (a, 2)) < a + 1 
for6=l,a>0: codim(#°((9 %xP ^(a, 1)) -> # (£> y (a, 1)) < 2a and 
for 6 = 0,a > 1 : codim(#°(£> P ^ xP ^(a, 0)) -> if°(<9 y (a, 0) < 3(a - 1). 

6 Splitting type of 5 

There are 2 types of lines in P^ x P^. In this section lines {t} x £ (respectively 
P^ x {^}) are called horizontal (respectively vertical) lines in P^ x P^. Restriction 
of the vector bundle £ to these lines leads to the notion of horizontal (respectively 
vertical) generic splitting types as well as horizontal (respectively vertical) jumping 
lines. 

Proposition 6.1 (a) The horizontal generic splitting type of £ is (2,2). 
(b) The vertical generic splitting type of £ is (1,1). 

Proof, (a) follows from the fact that £ t is semistable but not stable with Ci(£ t ) = 4 
on P^ (see Section 4). 

(b): According to Section 1(4) the projection X C P F x P^ — > P^ is birational onto 
its image. Hence there is a a vertical line £ = P^ x {^} intersecting X transversally 
in exactly one point. Restricting the exact sequence Section 2(1) to £ gives 



-> 0* -> £|£ -> ® 0/(2) -> 0. 



Hence £|£ = (9/(1) <g) (9/(1). 



□ 



Proposition 6.2. (a) 27ze horizontal jumping lines of £ are exactly the horizontal 
lines £ m P^ x P^ intersecting the surface Z C Pf x P f of Proposition 5.1. 
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(b) If £ intersects Z transver sally, then £\£ = C^(4) © Oi(0). 

In particular all horizontal jumping lines are "higher" jumping lines. 

Proof. Let £ = {t} x P^ intersect the line Z t in {t} x P^ transversally. Then £ 
intersects the double structure Y t on Z t with multiplicity 2. Restricting the exact 
sequence (2) of Section 4 to £ we get 

-> (9 £ -> £ t (-2)|£ -> C € /^ n y t © 0? -> 

which fills up to an exact sequence 

-> (9/(2) -> £ t (-2)|£ -> O e (-2) -> 

which necessarily splits. This proves (b). 

.As /or faj: Since £ 4 is semistable on P^, according to a theorem of Barth (see [O.S.S] 
p. 228) the jumping lines of £ t on Pj^ form a divisor in the Grassmannian Gr(l, 3) 
and there is an effective divisor Ds t of degree C2(S t (— 2)) = 2 with support the set 
of jumping lines Ss t in GV(1,3). 

On the other hand: The hypersurface Hz t = {£ G Gr(l,3)\£ n Z t = 0} consists of 
jumping lines. Since every such jumping line is "higher", we get D Et — 2H Zt - This 
implies the assertion. □ 

Finally let us determine the vertical jumping lines of S. In order to state the 
result recall from [L] that the coordinates of P^ can be chosen in such a way that 
the map <p 3 : X — > ^{X) C P^ is an embedding outside the coordinate planes, 
whereas yz(X) is singular along the coordinate planes. Choosing the coordinates of 
Pj£ in this way, we have 

Proposition 6.3. The vertical jumping lines are exactly the lines P^ x {^} with 
x contained in a coordinate plane. 

(b) For a general vertical jumping line £ : S\£ = Og(2) © Oe(0). 

For the proof let Ss C P^ denote the set of jumping lines and consider the projection 
q : P F x P F -> P^. 

Lemma 6.4. S £ = supp(-Rj,£(-2, -2)). 

Proof. Let U C P^ be open affme. For x E U denote £ = P^ x {^} and I e 
the ideal sheaf of £. Then # 2 (P F x U, -^) © I/) = since P F x U can be 

covered by 2 open affine sets. Hence the canonical map H l (P^ x U, £{— — ¥)) — > 
H F (£, £(— —¥)\£) is surjective. This implies that the base change homomorphism 

R\S(-2, -2)(x) -> H\£,S(-2, -2)\£) 
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is an isomorphism. On the other hand i = Pj^ x {^} is a vertical jumping line if 
and only if h\t, £(-2,-2) \£) > 0. □ 

In order to define a scheme structure on choose a resolution 

r+2 

-> /C -> (^^(-a,, -6i) -> 5(-2, -2) -> (1) 

i=i 

with Oj, 6j > for all i and /C is a locally free sheaf of rank r on P F x P F . The 
sequence 

- <K - © ^.OC-Oi, -b t ) X R\£{-2, -2) - (2) 

i=i 

is exact: is injective since q*£(— 2, —2) is torsion free and outside and tp is 
surjective since -R^/C = 0. 

The sheaves R\ t K. and R^O(—ai, —bi) are locally free by the base change theorem 
since h}(Ot(— a i: —bi)) and h}(K\t) = — x(/C|£) are independent of i. 

Hence tp is a homomorphism of locally free sheaves of the same rank on and 



'r+2 



J v := Im(detp) <g> det 0^C(- ai , -6,) C £>; 



i=i 



is an invertible ideal sheaf in Op^ with supp(Op Jts / J v ) = Sg. Hence Dg '■— (Sg, Op^/ J v ) 
is a divisor on P^. 

Lemma 6.5. degD^ = 4. 



Proof. Let P^ C be a general line. Since the divisor Dg intersects the line P^ 
in a divisor of the same degree, we may restrict the whole situation to Pj^ x P F and 
compute the degree of the corresponding divisor on P^. 

By abuse of notation we denote the restricted objects to P^ x P^ by the same 
letter. In particular we have the restricted sequences (1) on P^ x P^ and (2) on P^. 
If h = \p*0^(l)\ and h 2 = [q*0 ¥ ^(l)\, then from (1) we get 

c 1 (K) = -^2(a i h 1 + b i h 2 )+2h 1 (3) 

i 

c 2 (K) = J2a i b 1 -4-2j2b i (4) 
Applying flat base change and the projection formula, we get 



R^Oi-ai, -h) = R\yo^ (- ai ) ® ¥r (-b t ) 
= H\0^{-a i ))®0^{-b l ) 
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and hence 

Ci{R x q*0{-a,i, -bi)) = -bi(di - 1). 

The Theorem of Grothendieck-Riemann-Roch for the morphism q : P^ x P^ — > P F 
and equations (3) and (4) give 

Cl (R l qX) = -dityfn - i(c?(/C) - 2c 2 (/C)) 

= - a i b i + bi ~ 4 

i i 

It follows that 

degD £ = - Cl (e:; i 2 i? 1 g^(-o l ,-6,)) - Cl (^/C) 

= -J^Oi-l) + ^ ai 6 i _ J^fe. + 4 = 4 □ 

Proof of Proposition 6.3. Let Hi, . . . ,H 4 denote the 4 coordinate planes in Pj^. 
For a general point x of (fis(X) fl H the vertical line £ = P^ x {^} intersects 
X C P^ x P^ transversally in 2 points. Restriction of the exact sequence (1) of 
Section 2 to £ gives E\l = O e (2) © O t (2). Hence the divisor <p 3 (X) D H { C D £ for 
i = 1, . . . , 4. Since Hi + . . . + H4 is the only divisor of degree < 4 in P^ containing 
the 4 curves y?3(X) H ifj, the assertion follows. □ 

7 Problems 

Of course concerning the vector bundle £ on P F x P^ one can ask all the ques- 
tions which have been studied for the Horrocks-Mumford bundle on P^. The most 
important problems are 

(1) Cohomology of S: Compute the dimensions of the groups H l (£(a,b)) for all 
a, b and i. I computed most of these groups, unfortunately the list is not complete. 
In particular the most important dimension h°(£) is not known. 

(2) Automorphisms of S: According to Proposition 3.5 the group of automor- 
phisms of the vector bundle £ contains the dihedral group D 8 = Hi(L u L 3 ). Does 8 
admit further automorphisms? Recall that the automorphism group of the Horrocks- 
Mumford bundle is the normalizer of the Heisenberg group in S£^(C) . Is the analogue 
statement valid in the case of El 

(3) Moduli: Describe the moduli spaces of vector bundles with the invariants of E. 
This question is closely related to (1) and (2). For example, if h°(E) < 2, then E 
admits moduli, since there is a two-dimensional family of abelian surfaces in Pj^xP^. 
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(4) Other constructions: It seems not too difficult to construct the vector bundle 
£ out of the double structure Y on P^ x P^ in P^ x P^ of Section 5. Are there other 
constructions? 

(5) Degenerations: It is not difficult to see that every smooth zero set of a global 
section of £ is an abelian surface A in P^ x P^. Determine the degenerations of A 
in Pj^ x Pj^. Is every such degeneration the zero set of a section of (one of the vector 
bundles) £? 

(6) Classification: Are there other rank-2 vector bundles on P^ x P^ apart from 
the bundles derived from £ or the bundles of the introduction? 
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